Extensions of local fields and truncated power series 



Kevin Keating 
Department of Mathematics 
University of Florida 
Gainesville, FL 32611 
USA 

keating@math.uf 1 .edu 
Abstract 

Let K he a. finite tamely ramified extension of Qp and let L/K be a totally 
ramified (Z/p"Z)-extension. Let ttl be a uniformizer for L, let cr be a generator 
for Gal{L/K), and let f{X) be an element of 0k[X] such that (7(711) = /(ttl). 
We show that the reduction of f{X) modulo the maximal ideal of 0k determines 
a certain subextension of L/K up to isomorphism. We use this result to study 
the field extensions generated by periodic points of a p-adic dynamical system. 

1 Introduction 

Let p be a prime and let Qp denote the p-adic numbers. In what follows all extensions 
of Qp are contained in a fixed algebraic closure Q^^^ of Qp. Let K he a. finite extension 
of Qp with ramification index e, let 0k denote the ring of integers of K, and let Vk 
denote the maximal ideal of 0k- Let L/K be a totally ramified cyclic extension of 
degree p". Then the residue field k = 0k /"Pk of K may be identified with a subring 
of 0l/'P'^ using the Teichmiiller lifting. Let a be a generator for Gal(L/i^') and let 
ttl be a uniformizer for L. Then there is a unique /i^^(X) G /c[X]/(X'^p") such that 
o-^til) = tilKt, (^i) (mod V^^ ^^). The aim of this paper is to prove the following: 



Theorem 1.1 Let p > 3 and let K he a finite tamely ramified extension of Qp with 
ramification index e. Let L/K and L'/K be totally ramified [Tj/p^Tj)- extensions such 
that L/K is contained in a Zp-extension L^o/K. Assume: 

There are generators a, a' forGaA{L/K), GaA{L' / K) and uniformizers 
71"L; ttl' for L, L' such that h'^^ = h'^^^ . 
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Let mo he the largest integer such that ipL/K{{f^f) + 1 + ^^Zi)^) < ep". Then there is u ^ 
Gal(Qp'^/Qp) such that uj{K) = K , oj induces the identity on k, and [L fl uj(L') : K] > 
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The function iJjl/k '■ [—1, cc) — > [—1, oo) and its inverse (pL/K are the Hasse-Herbrand 
functions of higher ramification theory. The basic properties of these functions can be 
found in Chapters IV and V of [S] for finite Galois extensions, and in the appendix of 
j2] for finite separable extensions. We will make frequent use of the formulas ipM/K = 
i^M/L ° i^L/K and (pM/K = 4>L/K ° 4>M/L ioT finite separable extensions M D L D K. 

If K contains no primitive pth roots of unity then it can be shown using class 
field theory that L/K is contained in a Zp-extension (see Lemma In any case, 

Theorem II. II is valid if either L/K or V / K is contained in a Zp-extension. If neither of 
L/K, V /K is contained in a Zp-extension, we still have the following result: 

Theorem 1.2 Let p > 3 and let K he a finite tamely ramified extension of Qp with 
ramification index e. Let L/K and L'/K be totally ramified Tj/p^Tj- extensions which 
satisfy (*). Then there is u E Gal(Qp'^/Qp) such that uj{K) = K , uj induces the 
identity on k, and [L fl uj(L') : K] > p^o-i ^ 

Suppose p > 3 and K/Qp is unramified. Then mo = n — 1 and K contains no 
primitive pth roots of unity. Furthermore, any automorphism of Q^'^ which induces the 
identity on k also induces the identity on K and hence maps L onto itself. Therefore 
we get a simpler version of Theorem 11.11 in this case. 

Corollary 1.3 Let p > 3, let K be a finite unramified extension ofQp, and let L/K, 
L'/K be totally ramified {'L/p"''L)- extensions which satisfy (*). Then [LCiL' : K] > p^~^. 

Our proof of Theorem 11.11 is motivated by Wintenberger's proof of [HI Th. 2], but 
uses Deligne's theory of extensions of truncated valuation rings in place of the field of 
norms. In Section |21 we present a slightly modified version of Wintenberger's theorem 
and use it to prove a result which is related to Theorem 11.11 In Section El we give an 
outline of the theory of truncated local rings based on 0. In Section 0] we prove a 
version of Theorem 11.11 for cyclotomic extensions. In Section El we use this special case 
to prove the theorem in general, and show how the same methods can be used to prove 
Theorem 11.21 In Section IHl we use a variant of Theorem ll.ll to study the field extensions 
generated by periodic points of a p-adic dynamical system. 

2 The field of norms 

In and [H] Wintenberger describes a remarkable correspondence between groups of 
power series over fields of characteristic p and Zp-extensions of local fields. Theorem ll.il 
may be viewed as a finite-level version of a part of this correspondence. In this section 
we describe the connection between Wintenberger's results and Theorem ll.il 

We begin by recalling the construction of the field of norms in a special case |llj . 
We define a local field to be a field complete with respect to a discrete valuation which 
has finite residue field. Let Lq be a local field whose residue field k has characteristic 
p and let L^/Lq be a totally ramified Zp-extension. For n > let L^/Lq denote the 
subextension of L^/Lq of degree p", let 0„ denote the ring of integers of and let 
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Vn denote the maximal ideal of 0„. Set r„ = \{j> — l)in/p\, where i„ is the unique 
(upper and lower) ramification break of the (Z/pZ) -extension Ln+i/Ln- It follows from 
im Prop. 2.2.1] that the norm ^Ln+i/L^ induces a ring homomorphism N„_|_i „ from 
0n+i/(P^';Y) onto 0n/(P;"). The ring Al^^L^ is defined to be the inverse limit of 
the rings &n/{Vl,^) with respect to the maps N„+i,„. Since 0„/(P;") = fc[X]/(X''") 
and lim„^oo '"n = cxd we have Al^^Loo) = k[[X]]. The field of norms X^^^Loo) of the 
extension Loo/Lq is defined to be the field of fractions of Al^^Loo)- 

We define a compatible sequence of uniformizers for L^/Lq to be a sequence {nn)n>o 
such that Tin is a uniformizer for L„ and '^Ln+i/LS'^n+i) = 7r„ for every n > 0. Associated 
to each compatible system of uniformizers for L^oILq we get a uniformizer (7f„)„>o 
for Xj;^(,(Loo), where 7f„ denotes the image of 7r„ in 0„/P^". By ITT, Prop. 2.3.1] this 
construction gives a bijection between the set of compatible sequences of uniformizers 
for Loo/Lq and the set of uniformizers for ^^^(Loo). 

Let cr e Gal(Loo/Lo). Then for each n > there is a unique ^fnl-^) £ k[X] of 
degree < r„ such that 

^ = (7n(7r„) (mod<"), (2.1) 

where we identify k with a subring of 0„/P^" using the Teichmiiller lifting. If n > 1 
we may apply N„„_i to ()2.H) . Since N„_„_i is a ring homomorphism and Gal(L„/Lo) is 
abelian we get 

^ gi{^,,_,) (modCY), (2.2) 

where gn{X) denotes the image of gn{X) under the automorphism of k[X] induced by 
the p-Frobenius of k. It follows that 

gn-i{X)^gt{X) (modX-^"-). (2.3) 

Therefore there is ga{X) G A;[[X]] such that 

^^^?rK) (modO (2.4) 

for all > 0. We define a fc-linear action of Gal(Loo/-Z^o) on Xl^{Loo) = ki^X^ by 
setting a ■ X = Xg„{X). 

Let A{k) denote the set of power series in /i;[[X]] whose leading term has degree 
1. Then A{k) with the operation of substitution forms a group. The map which car- 
ries cr G Autfc(/c((X))) onto cr{X) G A{k) gives an isomorphism between Autfc(A;((X))) 
and A{k)°^. The subgroup N'{k) of A{k) consisting of power series with leading term 
X is a pro-p group known as the Nottingham group p. Let T^l^^Lo denote the sub- 
group of A{k) consisting of power series of the form Xgcr{X) that arise from elements 
a G Gal(Loo/-Z^o) using the compatible sequence of uniformizers (7r„) for Loo/Lq. Then 
'^'l^/Lo isomorphic to Zp. The subgroup T^^/j;^;, of A{k) is determined up to conju- 
gation by Loo/Lq, and any subgroup of A{k) which is conjugate to '^^I^jl^ is equal to 
'^'l2!ilo ^"^^ some compatible sequence of uniformizers (7f„) for Loo/Lq. 
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Let K' be local fields with residue field k and let L/K, V /K' be totally ramified 
extensions. We say that L/K is fc-isomorphic to L' / K' if there is an isomorphism 
T : L ^ U such that t{K) = K' and r induces the identity on k. In this case we write 
L/K =k L'/K'. Let Z{k) denote the set of fc-isomorphism classes of totally ramified 
Zp-extensions Loo/Lq such that Lq is a local field with residue field k. We put a metric 
on Z{k) by defining the distance between the classes [Loo/Lq] and [L'^/ L'q] to be 2""^, 
where < m < cx) is the largest value such that Lm/Lo =k L'^/ L'q, and m = — 1 if Lq 
is not fc-isomorphic to Lq. Let G{k) denote the set of conjugacy classes [F] of subgroups 
of A{k) which are isomorphic to Zp. We put a metric on Q{k) by defining the distance 
between [F] and [F'] to be 2~"^, where m is the largest integer such that hVh^^ = F' 
(mod X"^^^) for some h G A{k). 

Since ^^l^/l^ is determined up to conjugacy by the fc-isomorphism class of Loo/Lq, 
we denote its conjugacy class by [Fl^/Lq]. The following result is essentially a special 
case of P", Cor. 1.3]. 

Proposition 2.1 The map $ : 2{k) G{k) defined by $([Loo/-^>o]) = [rioo/io] ^'^ ^ 
continuous bijection. 

Proof: Since lim„^oo''"n = oo, the map $ is continuous. To show that $ is onto choose 
[F] G Q{k). By jHl Th. 1] there is a totally ramified Zp-extension L^/Lq of local fields 
with residue field k and a field isomorphism / : k([X)) — > Xl^^^L^o) which induces an 
isomorphism between F and the subgroup of Aut(Xj;^o(Loo)) induced by Gal(Loo/-^^o)- 
We write 

/ : (A;((X)),F) ^ {XL,{Loo),Ga\{L^/Lo)). (2.5) 

Let u be the automorphism of k induced by / and let Q be an automorphism of the 
separable closure of Loo which induces u on k. Let Lq = Q'^{Lq) and L'^ = f2~^(Loo). 
Then induces an isomorphism T : Xl^^^Loo) — > X^^{L'^), and 

To / : (A:((X)),F) {X^^{L'J,G^\iL'J L'^)) (2.6) 

is a fc-linear isomorphism. It follows that ^{[L'^/ L'^]) = [F]. 

To show that $ is one-to-one suppose [Fi^/i^] = [F^^'^/ljJ. Then there are compat- 
ible sequences of uniformizers (7r„) for L^o/Lq and (vr^) for L'^/L'^ such that F^^|,^^ = 
■'^L'"/L' • Therefore there is an isomorphism 

/ : (Xi„(Loo),Gal(L^/Lo)) — (X^, (O, Gal(L'^/L[,)) (2.7) 

which maps (¥„) to (tt^J and induces the identity on k. It follows from Th. 2] that 
/ is induced by a /c-isomorphism from Loo/Lq to L'^o/Lq, and hence that [Loo/i^o] = 

[^'oo/^[,]- □ 

We define the depth of g{X) G A{k) to be the degree of the leading term of 
{g{X) — X)/X-^ the depth of g{X) = X is taken to be oo. Let F be a subgroup of 
A{k) which is isomorphic to Zp, and let 7 be a generator for F. For n > we define the 
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nth lower ramification break in of T to be the depth of 7^ ; this definition is independent 
of the choice of 7. The upper ramification breaks of F are defined by the formulas bo = iq 
and hn — &n-i = (in — in-illv^ foi' n >1. The 6„ are integers by Sen's theorem i7|. It 
follows from [3 Cor. 3.3.4] that if F = $([Loo/-^vo]) then (in)n>o and (6n)n>o are the lower 
and upper ramification sequences of the Zp-extension Loo/Lq. Note that since Loo/Lq is 
an arithmetically profinite extension §1], the Hasse-Herbrand functions 0l^/Lo and 
ipL^/Lo are defined, and the lower and upper ramification breaks of Loo/Lq are related 
by the formulas 6„ = 4>L^/Loiin) and in = i^L^/Loipn) for n > 0. For future use we 
recall the following facts about the upper ramification breaks of a cyclic extension (see 
for instance jHl P- 280]). 

Lemma 2.2 Let K he a local field with residue characteristic p and let L/K be a to- 
tally ramified [Tj/p^Tj)- extension. Let 1 < e < 00 he the K -valuation of p and let 
bo < bi < ■ ■ ■ < bn-i be the upper ramification breaks of L/K. Then for < i < n — 2 
we have: 

(a) l<bo<pe/{p-l); 

(b) If h < e/(p - 1) then phi < h+i < pe/ {p - 1); 

(c) Ifbi > e/{p- 1) then bi+i = bi + e. 

Let Zo{k) denote the subspace of 2{k) consisting of A;-isomorphism classes of Zp- 
extensions in characteristic and let Go{k) = ^{Zo{k)). 

Corollary 2.3 ^\zo{k) '■ 2o{k) Qo{k) is a homeomorphism. 

Proof: For 1 < e < 00 let -Zq(A;) denote the subspace of Z^ik) consisting of k- 
isomorphism classes of Zp-extensions [Loo/Lq] such that the absolute ramification index 
of Lq is e, and let ^o(^) ~ ^(^o(^))- Then Z^{k) is open in Z{k). It follows from 
Krasner's Lemma that there are only finitely many isomorphism classes of local fields 
Lq with residue field k and absolute ramification index e. For each such Lq consider 
the set of continuous homomorphisms x '■ Lq ^ '^p such that xi^Lo) ~ ^P' This 
set is compact, and class field theory gives a continuous map from TClq onto the set of 
all elements of Zl^{k) of the form [Loo/Lq]. Therefore -Zq(/c) is compact. Since $ is a 
continuous bijection, it follows that 

: Z^,{k) gm (2.8) 

is a homeomorphism. 

Let [F] e g^{k) and let [Loo/Lq] e Z^{k) be such that ^{[Loo/Lq]) = [F]. Let (6„)„>o 
be the upper ramification sequence of Loo/Lq and F. It follows from Lemma 12.21 that 
there is M > 1 such that bn — &n-i = e for all n > M. If [F'] G Qolk) is sufficiently 
close to [F] then the first M + 2 upper ramification breaks bQ,b[, . . . , of F' are the 
same as those of F. In particular, we have 6'^ — b']^_^ = fe'^^+i ~ ^'m — ^- Let [L'^/Lq] be 
the unique element of ZQ^k) such that ^{[L'^/ L'^]) = [T']. Then the upper ramification 
breaks of L'^/L'^ are the same as those of F', so by Lemma IT^ the absolute ramification 
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index of Lq is e. It follows that [V] G GQ^k), and hence that ^o(^) open in Qo{k). Since 
(|2.8|) is a homeomorphism for 1 < e < oo, we conclude that $ induces a homeomorphism 
between ZQ^k) and ^o(^)- D 

Let Zp{k) denote the subspace of Z{k) consisting of ^-isomorphism classes of Zp- 
extensions in characteristic p and let Qp{k) = ^{Zp{k)). Using ^ 3.3] and Krasner's 
Lemma one can show that $ induces a homeomorphism between Zp{k) and Qp{k). But 
$ itself is not a homeomorphism. Indeed, if [Loo/Lq] G Zp{k) then by the methods of 
the next section one can construct [L'^/L'q] G Zoi^k) such that $([L^/Lq]) is arbitrarily 
close to ^{[Loo/Lq]). Since the distance between [Loo/Lq] and [L'^/Lq] is always 2, this 
implies that $ is not a homeomorphism. 

Since ^o(^) compact, it follows from Corollary 12.31 that the map 

<l>-%i^) : gm (2.9) 

is uniformly continuous. From this fact we deduce the following non-effective version of 
Theorem 11.11 

Corollary 2.4 Let e > 1 and let k be a finite field of characteristic p. Then there is 
a nondecreasing function s : N —>■ N U {0} such that lim„^oo s{n) = oo which has the 
following property: LetLQ,L'Q be finite extensions ofQp with residue field k and absolute 
ramification index e, and let Loo/Lq and L'^/Lq be totally ramified "Lp- extensions such 
that 

r£k-r(<),, (modX™+i) (2.10) 

for some m > 1 and some compatible sequences of uniformizers (vr^) for L^/Lq and 
«) for L'jL'o. Then L.^^^/Lo =, L'/L',. 



3 Truncated valuation rings 

In this section we give an overview of Deligne's theory of extensions of truncated valu- 
ation rings. For more details see [2]. 

Define a category T whose objects are triples (A, M, e) such that: 

1. y4 is an Artin local ring whose maximal ideal is principal and whose residue 
field is finite. 

2. M is a free A-module of rank 1. 

3. e : M — i> A is an A-module homomorphism whose image is m^. 

Let 5*1 = (74i,Mi,ei) and 5*2 = M2,e2) be elements of T. A morphism from Si 
to 5*2 is a triple / = {r,fi,ri), where r is a positive integer, fi : Ai ^ A2 is a ring 
homomorphism, and rj : Mi — ^ M®^ is an Ai-module homomorphism. These must 
satisfy /i o ei = ef*" o rj, and the map Mi A2 M®"^ induced by rj must be an 
isomorphism of 742-modules. Let 5*3 = (A3, M3, €3) be another element of T, and let 
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g = {s, u, 6) : S2 ^ S3 be a morphism. Then the composition of g with / is defined to 
he g o f = (sr, o ^u, 9'^^ o rj). Thus the identity morphism on S*! is (1, id^i, idjui), f 
is an isomorphism if and only if r = 1, /i is an isomorphism, and rj is an isomorphism. 
Let / = (r, /i, 7]) and /' = (r', fi', rj') be morphisms from Si to 6*2, and let c be a positive 
integer. We say / and /' are -R(c)-equivalent, or / = /' (mod -R(c)), if r = r', /i and /i' 
induce the same map on residue fields, and ri{x) — ri'{x) G m^^^M®^ for all a; G Mi. 

Let / = (r, /i, 77) : 5*1 — i> 6*2 be a T- morphism. We say that (5*2, /) is an extension of 
Si if length(A2) = r • length(y4i). We will often denote the extension (S'2, /) by S2I Si. 
Let (5*2, /) and (5*3, g) be extensions of S*!. A morphism from (S'2, /) to (5*3, g) is defined 
to be a T-morphism h : S2 S3 such that h o f = g. If (S'2, /') is an extension of S[, 
we say that S^ S[ is isomorphic to S'2/S'i if there are isomorphisms i : S[ ^ Si and 
J : S'2 — > S'2 such that j o f = f o i. 

Let be a local field and let e be a positive integer. Define the e-truncation 
Tre(-ft') of K to be the triple {A, M, e) consisting of the ring A = 0k/'Pk, the A-module 
M = Vk/'P'k'^, and the A-module homo morphism e : M — > A induced by the inclusion 
Vk "—>■ It is clear that Tie{K) is an element of T. Conversely, every element of T 
is isomorphic to Tre(-ft') for some finite extension K of Qp and some e > 1 (cf. [3 1-2]). 

Let K and L be local fields, let a : i^' — > L be an embedding, and let r be the 
ramification index of L over (t{K). Define a morphism 

fa = {r, fJ^a, Va) ■ T^^eiK) — > Tr,.e(L) (3.1) 

where 

f^a : &l/V'l (3.2) 

are induced by a. Then (Trre(-L), /o-) is an extension of Tre(i^). If L is a finite extension 
of K with ramification index r we write Jl/k = {f^, f^L/K,VL/K) for the morphism from 
Tre(ii') to TireiL) iuduccd by the inclusion K ^ L. The following proposition shows 
that all extensions of Tre(-ft') are produced by this construction. 

Proposition 3.1 Lemme 1-4-4]) Let K he a local field, let e > 1, and let {T,f) be 
an extension ofTTe{K), with f = {r,^,ri). Then there is a finite extension L/K such 
that (T, f)^ (TireiL) Jl/k)- 

Let c? > be real, let L/K he a finite extension of local fields, and let N/K he 
the normal closure of L/K in L'^'^p. We denote the largest upper ramification break of 
L/K by ul/k- We say that L/K satisfies condition if d > ul/k, or equivalently, if 
the ramification subgroup Gal{N/K)'^ is trivial. Let ext(i^)'^ denote the category whose 
objects are finite extensions of K which satisfy condition C^, and whose morphisms are 
i^'-inclusions. 

Let S E T and let (T, /) be an extension of S. Then there are positive integers 
r, e and a finite extension of local fields L/K such that T/S = TTre{L)/TYe{K). Given 
< d < e we say that T/S satisfies condition if L/K satisfies condition C^. This 
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definition is independent of the choice of L/K. One can associate ramification data 
to the extension T/S. In particular, the Hasse-Herbrand functions 0r/s and i1^t/s are 
defined. It follows from [2, 1.5.3] that if T/S satisfies condition then 0r/5 = 'Pl/k 
and ipT/s = 'ipL/K- 

Let S E T. We define a category ext(5')'^ whose objects are extensions of 5* which 
satisfy condition C^. An ext(S')'^-morphism from (Ti, /i) to (T2, /2) is defined to be an 
-R('?/'Ti/s'('i))-equivalence class of morphisms from (Ti, /i) to (T2, /2). The main result of 
|2] is the following. 

Theorem 3.2 (J^ Theoreme 2.8]) Let K he a local field and let e he a positive integer. 
Then the functor from ext(ii')^ to ext(Tre(-ft'))^ which maps L/K to Tire{L) /Tie{K) is 
an equivalence of categories. 

The proof of Theorem 11.11 depends on the following application of Theorem 13.21 

Corollary 3.3 Let e he a positive integer and let L/K and V / K he finite extensions 
of local fields which have ramification index r and satisfy condition . Let r G K\it{K) 
and let j : Trre{L') — Trre{L) he an isomorphism such that j o fii/x = fi/K ° fr- Then 
there is a unique isomorphism •j : L' ^ L such that j = f^ (mod R{iPl/k{&))) and 
i\k = r. 

Proof: Let i : K ^ L and i' : K ^ L' he the inclusion maps. Then {/Tire{L')., fu/K) 
and {/Tire{L), f^/K o fr) are elements of ext(Tre(-ft'))'^ which are induced by i' and i or. 
Since j gives an isomorphism between these extensions, by Theorem 13 . 21 there is a unique 
isomorphism 'j : L' ^ L such that j = f^ (mod R{jpL/K{e))) and ■y o i' = i o t. □ 



4 Recognizing cyclotomic extensions 

Before proving Theorem 11.11 we prove the following result, which may be viewed as a 
special case of the theorem. An analogous result in the setting of the field of norms is 
proved in P Prop. 3]. 

Proposition 4.1 Let p > 2 and let F/Qp he a finite tamely ramified extension with 
ramification index e. Set s = (p — l)/ gcd(e, p — l) and co = e/ gcd(e, p — l). Let m > 1, 
let E/F he a totally ramified cyclic extension of degree sp"^, and let d he an integer such 
thatp\d and the image of d in [Tj / p^^^Wj)^ has order sp"^. Assume there is a & E such 
that VE^Oi — 1) = Co and a generator t for Gal{E/F) such that r(a) = a'^ (mod V^) 
for some n > e^p^ . Then there is a primitive p'^^^th root of unity C, G Qp^^ such that 
VE^a — C,) > {gs + eo)p'", where 

^ r n-eo(p"+^+p"^-l) 1 
In particular, if n > eo(p™''*'^ +p™ — 1) then E = F{^). 
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For t E Z let f{t) denote the maximum value of ve{t{P)P~^ — d) as P ranges over 
the compact set Ct = {P E E : Ve{P) = t}. Since NE/rid) 7^ 1 we have r(/3)/3~^ 7^ d for 
all /3 G Ct, so /(t) G Z. The proof of Proposition 14. II depends on the following lemma: 

Lemma 4.2 Let t G Z and set t^ = t — cqp"^. Then 

fO zfs\to, 
fit) = I eo(p''''(*»)+^ - 1) tfs\to and Vp{to) < m, (4.2) 
[eo(p™^"'^ — 1) z/ s I to ond fp(to) > 

The proof of Lemma (4.21 uses the following result, which follows easily from Propo- 
sition 8 in [S; V]. 

Proposition 4.3 Let E he a local field and let M/E he a finite totally ramified Galois 
extension. Let d he a positive integer and let x, y he elements of 0^ such that x = y 

(mod Then Nm/e{x) ^ ^M/Eiv) (mod Vp-'). 



Proof of Lemma 'J~^ ■ Since E/E is totally ramified and p\ cq we can write a = 1 + C7r^° , 
where c G 0p and tce is a uniformizer for E. Since Vp{d^ — 1) = 1 and f£;(a^ — 1) = pe^, 
we have t>£;(r'*(a) — a) = pe^. It follows that Ve{j''{j^^e) " ^£ ) ~ P^^^ hence that 
ve{t^{t^^e)'^e^° — 1) = (p — l)eo. Since has order we have ve{'t^{t^e)t^e^ — 1) > 1, 
and hence ve{t^{tie)t^e^ ~ 1) = (p ~ l)eo- Let T/F denote the maximum tamely 
ramified subextension oi E / F. Then T is the subfield of E fixed by (t*), so the smallest 
(upper and lower) ramification break of E /T is {p — l)eo. Since {p — l)eo = vt{p), 
by Lemma I2.2f c) we deduce that for < i < m the ith upper ramification break of 
E/T is {p — l)eQ{i + 1). It follows that the ith lower ramification break of E /T is 
^e/tUp - l)eo{t + 1)) = eo{f+' - 1). 
Let 7 = a — 1 = C7r^°. Then 

L^dl^Sl^ -=d (modPl?). (4.3) 

Since the smallest upper ramification break of E/T is {p — l)eo, we have iPe/t{€-o — 1) = 
Co — 1. Applying Proposition 14.31 to ()4.3|1 we get 

^e/t(^^^ =^E/T{d) (modP^°). (4.4) 

Let 6 = ^e/t{i)- Since Gal(_E'/F) is commutative, (j4.4p reduces to 

t{6) 
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= dP =d (modP^«). (4.5) 



Since both sides of ()4.2j) depend only on the congruence class of t modulo sp™, we 
may assume Cop"^ < t < (cq + s)p™. Let /3 be an element of E such that ve{P) = t, and 
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set K = (35 ^. Then by ()4.5p we have 



P K 

= (iM. _ 1^ (mod (4.7) 

For < to < sp"^ let g{to) denote the maximum value of ve{t{k,)k,^^ — 1) as k ranges over 
Cto- It follows from Sen's argument in p. 35] that g{to) is equal to the ramification 
number f£;(r*°(7r£;)7r^^ — 1) of t^°. Thus if s f to then g{to) = 0, while if s | to and 
Vp{to) = i then (?(to) = eo(]5*^^ — 1) is the ith lower ramification break of E/T. It follows 
that ^(to) < eop"" for < to < sp"- Hence by (gllj) we get ^(to) = /(to + eoP™). This 
proves the lemma for all t such that CqP™' < t < (cq + s)p™. 

It remains to prove the lemma for t = eop"^. For cqP™ < t < (cq + s)^™' let (3t be an 
element of E such that VE{Pt) = ^ and f£;((T — is maximized. Let A denote the 
0i?-lattice spanned by the jSt- Then A = vr^^ 0^; is an ideal in 0^, and hence (r — d)A 
is contained in A. It follows from the maximality of ve{{t — d)j3t) that the integers 
ve{{t — d)Pt) for eop™ < t < (cq + s)p'^ represent distinct congruence classes modulo 
sp"*. Therefore A/(r — d)A is an 0j?-module of length 

(eo+s)p™-l (eo+s)?™-! (eo+s)p'"-l 

X] VE{{r-d)P,) - Yl ^^(/^*)= E (4.8) 

It follows that 

(eo+s)p'"-l 

5] /(t)=t;s(det(r-rf)). (4.9) 

Since the characteristic polynomial of the F-linear map t : E ^ E is h{X) = X^^™ — 1, 
the determinant of r — c? is ±h{d) = ±((i*^™ — 1). Therefore we have 

(eo+s)p"'-l 

J2 fit) = VEid-'"" - 1) (4.10) 

t=eop'" 

= (m + 1)60(^5™+^ -p""). (4.11) 

Solving for f{eop"^) in terms of the known values of /(t) gives fie^p^) = eo{p'^~^^ — 1), 
which completes the proof of the lemma. □ 

Proof of Proposition \4 ■ 1\ ' It follows from the hypotheses that f£;(a;^'"^^ — 1) > eop"*"*"^, 
and that 

VE{T{aP^^') - tt*"^') >n + {m + l)eo(p'"+' -p""). (4.12) 
Let A = log(a^'"^^). Then we have 

ve{t{X) - dX) = VEiria^"'^') - a*'"^'), (4.13) 
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and hence 



veW + Ve 



X 



d] >n+(m + l)eo(p™+'-p'"). 



Set t = VEiX) = VEiaP"'''' - 1). Then by (jmjl we get 



t + f{t) > n + (m + l)eo{p 



(4.14) 



(4.15) 



where f{t) is the function defined in Lemma [4.21 

If f(t) > then by Lemma lOl we have t = CoP™ + csp* and f(t) = eo(p*^^ — 1) for 
some < i < m and c G Z. It follows from ()4.15|) that 



eop™ + csp' + eo(p*"^^ - 1) > n + (m + l)eo(p' 
which implies 

csp' > eo(p'"+' - p'+') + (m + l)eo(p'"+' - p") + n - eo(p'"+' + - 1 
Dividing by sp* and using the fact that s divides p — 1 we get 

'n - eo(p'"+^ - 1 



c > Co — h (m + Ijeo ^ h 



It follows that 
t > eop"+eo(p"^+'-p'+') + (m+l)eo(p'"+'-p'")+sp* 



n-eo(p'"+^+p"'-l) 



(4.16) 



(4.17) 



(4.18) 



(4.19) 



The minimum value of right hand side of ()4.19|1 for < z < m is achieved when i = m. 
Therefore the inequality 



t > eop"" + (m + l)eo(p™+' - p"") + sp 



n-eo(p'"+^ - 1) 



sp" 



holds for all t such that f{t) > 0. If f{t) = then by (P?T3|) we have 

t > n + {m + l)eo{p"'+^ - p""), 



(4.20) 



(4.21) 



which implies that ()4.20|) holds in this well. Thus ()4.20|) is valid in general. 

Let ( G Qp'^ be a primitive p'""'"^th root of unity, and choose < j < to 
maximize w = Ve{o: — (^). For < i < p™-+i we have 



VE{a-C)>^^Hw,VE{C-C)}, 



(4.22) 



with equality if w > VEiC — C*)- Since w > f_B(a — C*), this implies that for i ^ j we 
have VEia - C) < ve{C^ - C) = eop''p'^''^\ Since 



- 1 = (a - l){a - C)(a - C^) ... (a - C^^'-'), 



(4.23) 
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by defining p^p^^"^ = we get 

t = VEiaP"^^' -l)<w+ J2 eop""^'-'^ (4-24) 

= w + (m + l)eo(p"'+^-p'"). (4.25) 

By comparing ()4.20|1 with ()4.25j) we conclude that w > gsp'^+eop^, where g is the integer 
defined in fl4.1|l . Set ^ = C^; then — = ""^ — gsp"^ + eop™". Since — > ^o, 
we have ve{C, — 1) = — 1) = eo, so ^ is a primitive p^+^th root of unity. If 

n > eo{p"^~^^ +p™ — 1) then g > 1, and hence — ^) > eop™. Therefore by Krasner's 
Lemma we have F{a) D Since E D and : i^] > sp*" = [E : F], this 

imphes E = □ 



5 Proof of Theorem 11.11 

In this section we prove Theorem II. II in a somewhat generahzed form. Let 1 < a < ep" 
and 1 < m < n. We will show that [uj{L) (1 L' : K] > whenever 

K^{X)^h:'jX) (modX^) (5.1) 

and a and m satisfy certain inequalities, which are specified in Theorem 15.21 We then 
show in Lemmas 15.71 and 15.81 that the values a = ep" and m = mo given in Theorem 11.11 
satisfy these inequalities. To motivate the proof we first prove an analog of Theorem ll.il 
for local fields of characteristic p. 

Proposition 5.1 Let K be a local field of characteristic p with residue field k and 
let L/K, L' / K he totally ramified {Tj/p^Tj)- extensions. Let u^ik be the largest upper 
ramification break of L/K, let e > ul/k, o-nd let h{X) G k[X]. Assume there exist 
uniformizers tcl, ttl' for L, L' and generators a, o' for QsXiL j K) , Gal(L'/K) such that 

a(7r,.) = -nrJiii^j:) (mod Vf-^) (5.2) 

a\'RL')^T^L'h{'KL') (modP2?"+^). (5.3) 

Then the extensions L/K and L' / K are k-isomorphic. 

Proof: Let a : L' ^ L he the unique ^-isomorphism such that aijiLi) = tt^. Since 
hk = ^l/k{'^l) and n'^ = l^L'/KiT^u) are uniformizers for K there is a unique k- 
automorphism r of i^' such that T(7r^) = tir- It follows from (j5.2j) and (j5.3|) that 

riT^K) ^ c^i^K) {modVf'-'). (5.4) 
Therefore the induced maps 

(5.5) 
(5.6) 
(5.7) 
(5.8) 



fl/K 


■■ Tre(ir) — 


Trepn(-L) 


fv/K 


: Tre(i^) — 


Trepn(L') 


fr 


: Tre(ir) — 


- Tre(ir) 


fa 


: Trepi(L') - 


— ^ Trepn(L) 
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Figure 1: Dashed hues represent unramified extensions. 



satisfy o f^'/K = fi/K ° fr- Since ul/k = uv/k < e, both L/K and L' / K satisfy 
condition C^. Therefore by Corollary 13 .31 there is a /c-isomorphism 'y : L' ^ L such that 
'jIk = T. Hence L'/K =k L/K. □ 

To apply this method in characteristic we replace the fields K., L, L' with cyclotomic 
extensions. This makes our fields resemble local fields of characteristic p and allows us to 
replace ()5.H) with a congruence modulo a higher power of X. Let C, G Q^'^ be a primitive 
p-rn+i^-^ root of unity and set M = L{(). Then M/K is an abelian extension whose Galois 
group may be identified with a subgroup of GaA{L/K) x GaA{K{()/ K). We will use the 
theory of truncated local rings outlined in Section |21 to define an extension M' /L' which 
corresponds to M/L. We will then use Proposition 14. II to show that in fact M' = L'{(). 
Let Lq/K, Lq/K be the subextensions of L/K, L'/K of degree p^. Using Corollary 13.31 
we will show that Lo{Q/K =k Lq[Q/K, from which it will follow that Lq/K =k L'q/K. 

Let w denote the residue class degree and sp^ the ramification index of K{()/K. 
Then the ramification index of M/L is equal to sp* for some < t < m. Let F/K 
be the maximum unramified subextension of M/K and let E/K{C) be the maximum 
unramified subextension of M/K{(). Then E/F is a totally ramified cyclic extension 
of degree sp"^, and M/E is a totally ramified cyclic extension of degree (see 
Figure [T]) . 

In order to state our generalized version of Theorem 11.11 we must first compute 
the ramification data of the extension L/K. Let y be the smallest upper ramification 
break of L/K which exceeds ■ e; if all the upper ramification breaks of L/K are 
< ■ e, let y be the largest upper ramification break of L/K. By Lemma l2.2r b) we 
have y < {1 + j;zi)^- Suppose that y = b^, where 6o < < ■ " " < ^n-i are the upper 
ramification breaks of L/K, and let z = ipL/xiy) be the corresponding lower break. It 
follows from Lemma [2.2r c) that for h < i < n the ith upper ramification break of L/K 
is bi = y + {i — h)e. Therefore for h < i < n the ith lower ramification break of L/K is 

^L/K{y + h)e) = z + e/+^ + ■ ■ ■ + ep' (5.9) 

= z + e/+^-^^ -. (5.10) 

p — 1 
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The largest upper ramification break ul/k = &n-i of L/ K is equal to y + [n — h — l)e. 
Since y < {1 + -^)(^ this implies ul/k < [n — h + K follows that 

^L/i^ ((ri-/i+l + -^^e^ >ep". (5.11) 

Thus if m satisfies 4'L/K{{fn + 1 + < ep" then m < n — h — 1. 

Set Co = es/{p — 1) and define 

q= I ~ ^)"^ + ^o)^" if /i = and y > e, 
1 eop™ otherwise. 

Also set r = g + eo(p'"'^^ — 1). Note that the integers t, q, r and the fields M, E all 
depend on m. 

Theorem 5.2 Lei p > 3 and let K be a finite tamely ramified extension of Qp with 
ramification index e. Let L/K and L' / K he totally ramified {'L/p^'L)- extensions such 
that L/K is contained in a Zp- extension Loq/K. Let 1 < a < ep" and assume that 
there are generators a, o' for Gal(L/i^'), Gal(L'/i^) and uniformizers hl, hl' for L, L' 
such that h'^^ {X) = h'^^^ (X) (mod X") . Suppose there exists 1 < m < n such that the 
following three inequalities are satisfied: 

^M/L(a) > [M : E]q = g (5.13) 

i'M/da) > ipM/Eir) (5.14) 

i'M/iia) > i)M/K{uL/K)- (5.15) 

Then there is u ^ Gal(Qp'^/Qp) such that uj{K) = K , uo induces the identity on k, and 
[Lnuo{L') ■.K]>p^. 

The following lemmas will be used to compute and bound the ramification breaks of 
the various extensions used in the proof of Theorem 15.21 

Lemma 5.3 Let K he a finite extension of Qp, let L/K he a finite tamely ramified 
extension with ramification index e, and let M/L he a finite Galois extension which is 
not tamely ramified. Then the positive lower ramification hreaks of M/ L are the same 
as the positive lower ramification hreaks of M/ K , and the positive upper ramification 
hreaks of M/L are e times the positive upper ramification hreaks of M/K. 

Proof: The positive lower ramification breaks of M/K are the values x > such that 
(Pm/k{x) = (pL/K ° <Pm/l{x) is not differentiable. It follows from Prop. A. 4. 2] that 
for X > we have (pL/xix) = ■ x. Therefore the positive lower ramification breaks 
of M/K and M/L are the same. Let Iq < h < ■ ■ ■ < In-i be the positive lower 
ramification breaks of M/ K and M/ L. Then the ith positive upper ramification break 
of M/L is (pM/L^k), and the ith positive upper ramification break of M/K is (pM/Kih) = 
(pL/K o 4>M/L{h) =e~^ ■ (pM/iih)- □ 
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Lemma 5.4 Let K be a finite extension o/Qp and let L/K he a finite cyclic extension 
whose positive upper ramification breaks are < bi < ■ ■ ■ < Let E/K be a finite 

Galois extension and write the ramification index of LE/E in the form up''' with p\u. 
Then the positive upper ramification breaks Pn-r < Pn-r+i < ■ ■ ■ < /3n-i of LE/E satisfy 
Pi < i^E/K{bi) for n - r < i < n. In particular, Ule/e < i^E/K{uL/K)- 

Proof: We first prove the second statement. Let m = iPe/k{ul/k), and suppose that 
m < ule/e- Since L/K and LE/E are abehan, ul/k and ule/e are integers. Therefore 
m is also an integer. It follows that m + 1 < ule/e, and hence that Gal{LE/E)"^~^^ is 
nontrivial. Since the reciprocity map uj^e/e '■ Gsl{LE / E) maps 1 + V^^^ onto 

Gal(L£^/£')'""'"^ (see for instance Corollary 3 to Theorem 2 in jHl XV §2]), there is a G 1 + 
V^^^ such that cr = UJLE/E{ci) is not the identity. It follows from the functorial properties 
of the reciprocity map XI §3] that (t|l = oJi/K^/^E/Kio)). Using Proposition 14.31 we 
see that ^e/k{oi) G l+V^''^''^^- Since UL/Ki'^ +V]l"'^^) = Gal(L/ir)"wx+i jg ^^j^j^j 
this implies a\L = id^. Since the restriction map Gal{LE / E) —>■ Ga\{L/K) is one-to-one, 
this is a contradiction. Therefore ule/e < ''Pe/k{ulik)- 

To prove the first statement, for < j < r — 1 let L^ / K be the unique subexten- 
sion of L/K such that [L : L^\ = p' . The restriction map GaX{LE/E) — >■ GaX{L/K) 
induces an isomorphism between GaX{LE / L) and Gal(L/(L fl E)). Since p' divides the 
ramification index of LE/E^ we see that L^ D L (1 E, that L/L^ is totally ramified, 
and that Gal{LE / L^ E) is the unique subgroup of Gal{LE / E) of order pP . It follows 
that u^j/K = bn^j^i and uhe/e = Pn-^j-i- Applying the second statement we get 
Pn-j-i < i)E/K{hn-j-i) for < j < r - 1. □ 

Proof of Theorem \5.Sl - Since K, L, and L' all have the same residue field k, there 
is a unique fc-linear ring isomorphism /i : Ql'/VI, 0l/P£ such that fJ.{7iL') = t^l 
(mod and a unique (0l//'P£,) -module isomorphism rj : Pl'/^l^^ ~^ Vl/V}^^ such 
that i](7rL') = TiL (mod V}^^). By combining these isomorphisms we get an isomorphism 
i = (l,/i,r/) from Tr„(L') to Tr„(L). Since h^^{X) = /i^^,(X) (mod X"), we have 
fa' = fa° i- 

Let b = [M : LE] ■ a. Then (Tr;,(M), /m/l ° i) is an extension of Tra(L'). It follows 
from Proposition 13. II that this extension comes from an extension of L' . More precisely, 
there is a finite extension M' / L' and an isomorphism 

J = (1, z/, 9) : Tr5(M') ^ Tr,(M) (5.16) 

such that i o fM'/L' = fu/L ° i- Since K{Q/Qp{Q is tamely ramified we have uk{()/Qp = 
"^QpiO/Qp ~ Using Lemma we see that uk{q/k = e ■ uk{()/Qp = me. It follows 
from Lemma lOl that Um/l < i'L/K(yUK{Q/K) = i^L/Kijne). By assumption ()5.14|) we 
have 

ipM/M > ^M/E{r) > ipM/Eieoip"" - 1)). (5.17) 

Since ipE/Kijne) = eo(p™' — 1) this implies iPm/l{o,) > ''Pm/k{.i^g)- Applying (pu/L to this 
inequality gives a > ^L/i^(me) > um/l- Thus M/L, Trb(M)/Tr,(L), Trfe(M')/Tr,(L'), 
and M'/L' all satisfy condition C". It follows from Theorem 13.21 that the field M' is 



15 



uniquely determined up to L'-isomorphism. Let c = 'ipM/hi.ci). By Theorem 13.21 the 
isomorphism j in (j5.16p is uniquely determined up to -R(c) -equivalence. 

Lemma 5.5 Let 7 G Ga\{M / K) and let t ^ Z be such that 7!^ = a*. Then there is a 
unique automorphism 7' of M' such that 7'!^/ = cr'* and j o /y = f^oj (mod R{c)). 
The map 7 1— > 7' gives a faithful K -linear action of Gal{M / K) on M' . 

Proof: For 7 G Gal{M/K) let = j^^ o o j denote the automorphism of Trb(M') 
induced by Using the identities j o /a^,/^, = fj^j/^ °h fy° fu/L = Im/l o fa*, and 
f„toi = io f^n we find that o fM'/u = fw/u ° /o-'*- Since M' / L' satisfies condition 
C"", by Corollary 13 . 31 there is a unique 7' G Aut(M') such that /y = (mod -R(c)) and 
7'|l' = cr'*- It follows that jo/y = /^oj (mod R{c)). Since 7' is uniquely determined by 
7 the map 7 h— > 7' is a group homomorphism. If 7 lies in the kernel of this homomorphism 
then 0"'* = 1, and hence a* = 1. Therefore 7 G Gal(M/L) and 7 induces the identity on 
Trc(M). Since M/L satisfies condition this implies 7 = 1. □ 

It follows from this lemma that M' /K is Galois, and that the map 

] : Qai{M/K) — > Gal{M'/K) (5.18) 

defined by = 7' is an isomorphism. Furthermore, for all 7 G Gal{M/K) we have 

fi°j =3° fj(j) (mod R{c)). (5.19) 

Since M' is a Galois extension of L' which is uniquely determined up to L'-isomorphism, 
M' is uniquely determined as a subfield of Q^'^. 

Lemma 5.6 Let K be a finite extension of Qp and let L/K be a {Tj/p^Tj)- extension. 
Then L is contained in a Zp-extension of K if and only if the group /i of p-power 
roots of unity in K is contained in Nl/k{L^) ■ 

Proof: If L is contained in a Zp-extension Loo of K then there is a continuous ho- 
momorphism X '■ GaX{Loo/ K) such that x(fr^) is dense in Gal(Loo/-R') and 
ker(x) < Ni,/x(-^^^). It follows that K^/\.ei{x) has trivial torsion, and hence that 
< ker(x) < ^lik{,L^)- If < ^lik{,L^) then since ^l/k{,L^) has index p" in , 
the group jl of all roots of unity in K is contained in N^/xl-^^)- Since /ji = ZxZj,^'"^' 
there is a closed subgroup H of Ni/i^(L^) such that /H = Zp. Then H corresponds 
by class field theory to a Zp-extension L^o of K which contains L. □ 

Since L is contained in a Zp-extension L^o of K, the field M = LE is contained 
in the Zp-extension L^oE of E. Therefore by Lemma 15.61 there is a G 0^ such that 
'^m/e{c() = Let T be an element of Gal(M/F) such that t\e generates the cyclic 
group Gal{E/ F). Then t\e has order sp™, and there is c? G Z such that t{() = C^. It 
follows that the image of d in (Z/p^+^Z)^ has order sp™. Since Gal(M/F) is abelian, 
T{a)/a'^ lies in the kernel of Nm/e- Let p be a generator for Gal(M/i?). Then by 
Hubert's Theorem 90 there is /3 G such that r(a)/a'^ = p{(3)/(3. 
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Let TT be a uniformizer for M, and write P = 771" with 7 G and v = vm{P)- Set 
6 = p(7)/7 and e = p{'7i)/n, so that r(a)/a'^ = 6e'". Now let a', 7', 6', e' be elements of 
which correspond via z/ to a, 7, 5, e. (In other words, we have i^{a') = a (mod Pm), 
etc.) In addition, choose vr' G Pm' such that 6'(7r') = tt (mod P^/^), and set (3' = 'y'rc''". 
Let p' = j{p) be the element of Gal(M'/i^') which corresponds to p G Gal(M/i^'). Since 
p{tt) = err, it follows from ()5.19|) that p'{n') = eV (mod V'j^})^ and hence that 

e' = ^ (modP^,)- (5.20) 



Furthermore, since 5 = p(7)/7 and 6e^ = T{a)/a^ we get 

7' 



6'^^ (modP^O (5.21) 



It follows that 



<5V" = l^ (modn,.). (5-22) 



Let £" be the subfield of M' fixed by (p'). Since M = Li?, it follows from Lemma IHTil 
that the upper ramification breaks of M/E are bounded above by ipE/KiuL/x)- Hence 
the lower ramification breaks of M/E are bounded above by ipM/E ° 4'e/k{ul/k) = 
iPm/k{ul/k), which by assumption ()5.15p is less than c. It follows that the isomor- 
phism between Gal(M/ E) and Gal(M'/ E') induced by j respects ramification filtrations, 
and hence that ipu'/E' = "ipM/E- Thus by assumption ()5.14j) we have c > ipM/E{r) = 
ipM'/E'ir)- Therefore by ()5.2H|1 and Proposition 14. HI we get 

^M'/E' f ^1 = ^M'/E' f ^1 (mod P^t^). (5.24) 



/5' 

Let C' = Nm'/£'(«')- Since Gal(M7i\:) is abelian and p' G Gal(M7E'), the congru- 
ence fl5.24j) reduces to 

^ = 1 (modP^t^). (5.25) 

(Note that if we simply defined C' to be an element of 0^ such that z^(C') = C (mod V\i) 
then by ()5.19j) and assumption ()5.13j) we would get the weaker congruence t'(^') = C,"^ 
(mod Vj^^). This explains why we have used such a roundabout method to define ('.) 
By applying Proposition 14.11 to ()5.25p with n = r -|- 1 > eQ{p"^~^^ + p"^ — 1) we get 
E' = E{C,), with ^ a primitive p™+^th root of 1. Therefore E' = E. Furthermore, we 
have ve{C — — {9^ + ^o)p"^^ where 



1 + (y - e)s' 
pm 



a h = and y > e, , ^ 

^ ' (5.26) 

otherwise. 
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Since {gs + e^jp^ > q we get ^ = (' (mod Vp~^). By assumption ()5.13|) we have 
b > c > p"'+t-^q^ and hence 

K0 = KC') = KNM7i.'(«')) (mod<"*"™^+^). (5.27) 
Therefore by ()5.19p we get 

= NM/i.(a) = C (modPr*""^+^). (5.28) 



Let Lm/K, L'^l K be the unique subextensions of L/K, L' / K of degree p"^, and 
set = L^E = LmiC), = L'^E = L'^{C). Then M^/E, M'J E are the unique 
subextensions of M/E, M'/E of degree p*. Let vr^ = Njv//M™,(7r) and vr^ = ^m'/m^{'^')- 
Then 71^,7^^ are uniformizers for Mm,M^ such that 6'(7r^) = vr^ (mod "P^/^). Set 
g = [q'/coj and = eoP*g. By assumption (j5.13p we have 

c > p^+'-^q = [M : M^]p*g > [M : M„]c„. (5.29) 

Thus there is a unique fc-hnear ring homomorphism 

such that h'rni'^'m) = (mod P^^) and a unique ^M^fPlp -module homomorphism 

: VmJV^mC' -PMjVlt' (5.31) 

such that Om{T^'m) = (niod P^^^). These give an isomorphism = (1, ^m, dm) from 
Tr,„(Mj toTr,„(Mj. 

Let uj G Gal(Qp(C)/Qp) be such that uj{^) = (. Since is the ring of integers of 
Qp(C), it follows from ^FTW^ that 

jm o fuUQpiO = /Af^/Qp(C) ° (mod R{q)). (5.32) 

Since ul^/k = y + {m — h — l)e and uk{()/k = me, we have uum/K = y + {m — l)e if 
/i = and y > e, and um^/k = "^e otherwise. Therefore 

Jeo(p'"-l) + sp"(?/-e) if /i = and 1/ > e, 
I CqIp — 1) otherwise; 
= g - eo. (5.34) 

Since il^Mm/KiuM^/K) and i'M^/E{uM^/E) are the largest lower ramification breaks of 
Mra/K Siiad Mm/E, we have tpM^/K{uM^/K) > i^Mm/EiuMm/E)- Applying ^Af^/s to both 
sides of this inequality we get ipE/KiuMm/K) > UUm/E-, and hence g-eo > UUm/E- Since 
the ramification index cq of E/Qp{Q is relatively prime to p, it follows from Lemma 
that 

= eo ^ ■ Um^/e < eQ^q - Cq) < q. (5.35) 
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Therefore Mm/Qp(C) and M^/Qp{() satisfy condition C^. Hence by applying Corol- 
lary ESI to (|5.32|) we see that u can be extended to an isomorphism u : such 
that 

jm = U {mod R{d)), (5.36) 

where d = ipMm/QAoi^)- 

For 7m € Ga\{Mm/ K) let 7 be a lifting of 7^ to Gal(M/_ft') and let ]m{.lm) be the 
restriction of j(7) to M'^. Since j(Gal(M/M„)) = Gal{M' /M'^) we see that ]m{lm) 
does not depend on the choice of the lifting 7. Thus 

j„ : Gal(M^/K) Q^\{M'JK) (5.37) 

is a well-defined isomorphism. By fl5.19|) we have 

Am o Jm = jm o /j„{7™) (mod /?(c^)). (5.38) 

Since = eoP*g > d, by (|5.3(ijl and (!5.38jl we get 

A™ ° fc. = Uo fj^i^m) (mod i?(rf)) (5.39) 
A™ = Aoj„(7„)o^-i (mod i?(rf)). (5.40) 

Let N/Qp be the smallest subextension of Mm/Qp such that Mm/N is Galois. Then 
7m and Cu o j„(7m) o cj^i both lie in Gal(Mm/A^). By fl5.34p we have ipE/KiuMm/K) < 
eoq = i'E/Qpioiq)- It follows that the largest lower ramification break V'M„/ii'(wM„/ft:) 
of Mm/K is less than V^M„/Qp{c)('?) = d. Since K/N is tamely ramified, by Lemma 
we see that 'ipMm/KiuMm/K) < d is also the largest lower ramification break of Mm/N . 
Hence by ()5.40p we get uj o ]m{lm) ° = 7m for all 7^ G Gal(Mm/K). Since 

j„(Gal(M„/ir)) = Gal(M;/K) (5.41) 
i™(Gal(M„/L„)) = Gal(M;;,/L:„) (5.42) 

this implies uj{K) = K and oj{L'^) = Lm- This proves Theorem 15.21 □ 

It remains to show that the values a = ep" and m = mo specified in Theorem 11.11 
satisfy the inequalities in Theorem 15.21 We prove this in the following two lemmas. The 
first of these lemmas, which is stronger than needed to prove ()5.13|1 . will also be used in 
the proof of Theorem 11.21 

Lemma 5.7 Let m > 1 satisfy'4'L/K{{m+l + ^^)e) < ep". Then iPm/l{g{p"' —p^'^)) > 

pU+t-m^ 

Proof: Let d = e(p" - p""^) and c = i/jM/iid), and let (3ra-t, Pm-t+i, ■ ■ ■ , Pm-i be the 
positive upper ramification breaks of M/L. Then we have 

C = sPrn-t + Sp{Pm-t+l " Pm~t) H h Sp'^'^ {Prn-1 - Pm-2) + Sp\d - (3m-l) (5.43) 

= Sp'd - S{p - l){(3rn-t + P/5m-i+l + " " " + P*"'/3m-l). (5.44) 
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Since E/Qp{() is tamely ramified, the positive upper ramification breaks of E/Qp are 
the same as the positive upper ramification breaks 1, 2, . . . , m of Qp(C)/Qp- It follows by 
Lemma l^^ that the positive upper ramification breaks of E/K are (i+l)e for < i < m. 
Therefore by Lemma f5 .41 we have A < '?/'L/_ft'((i + l)e) for m — t < i < m. 

The values of ipi/Kii'i + l)e) can be computed using the ramification data for L/K 
given in ()5.10|) : 

'^+1 ^'~^+/+*+i(e-y) ify<e, 

^L/K{{^ + l)e)={ ^, \ (5.45) 

-+/+^(e-i/) ify>e. 
p — 1 

It follows from that 

c > sp'd + s{p' -z]- ■ f -^e - y] (5.46) 

VP-l / p+1 \p- 1 J 

if y < e, and 

c > sp™a + s(p"^ - ^1 - ■ ^'"""^ f ^^^e - (5.47) 

if y > e. In this last inequality we use the fact that t = m if y ^ e. 

If y > e then since z < p^y and p^ — 1 < , by (15.471) we get 

p+l 

c > sp^d + s{p^ - 1) f ^ - p^y\ - sp^ ■ f - y) (5.48) 

> sp-a + sip- - 1) - /e) - ■ - e) (5.49) 

= es( - + • / - . ph+i\ (5 50) 

\ p — 1 p^ — 1 J 

By (|5.1ip and the assumption il^L/xiij^ + 1 + ■^zi)^) < cp" we have m + h < n — 1. 
Therefore c is greater than 



fl _ 1 _ 1 ) = P -P -2P+1 . e„p"+-.. (5.51) 

\ P 1/ P"^ + P 

Since g < (^^ + 60)^™ = 260^*" and p > 5 we get c > 2eop"'^'" > Since t = m in 
this case we conclude that c > p"'^^~"^q. 
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If y < e then since h < n — m — 1 < n — 2 we have y > e/{p — l). It follows by ()5.46|) 
that 

c > sp'd + s(p' - p'^y] - ■ ( -^e - y\ (5.52) 

\p-l J p+l \p~l J 

> sp% + s{p' - 1) f ^ - - sp-^'-'^' . ^ (^e - (5.53) 

= es f - + (p* - 1)/ - • . (5.54) 



p+ 1 

As above this implies that c is greater than or equal to 



1 )=?l^i^.e„p-. (5.55) 

P p + 1 J p"^ + p 

and hence that c > eop""''* = p"-+^~™-q, □ 

It follows from Lemma (5.71 that assumption ()5.13|) is satisfied by a = ep", m = mo. 
We now show that these values satisfy assumptions ()5.14|1 and ()5.15|) as well. 

Lemma 5.8 Let a,m > 1 satisfy -^r^ ■ ep" < a < ep" and ipL/K{,{jn + 1 + -^^)^) < o. 
Then iI)m/l{o) > i'M/E{r) and tpM/Lia) > '4'm/k{ul/k) ■ 

Proof: Since the positive upper ramification breaks of E/K are {i + l)e for < i < m, 
the positive lower ramification breaks of E/K are ipE/Kiii + l)e) = eo{p^~^^ — 1) for 
< i < m. It follows that 



<t>E/K{r) 



If /i = and y > e then 



m + 1 H ) e + (y — e) if /i = and y > e, 

p — 1 

1 

p — 1 



m + 1 H ) e otherwise. 



(5.56) 



k/Kia) = y+{n-l)e+^[a- [y + ep- ) ) (5.57) 



p" \ \ p — 1 

is greater than (f)E/K{r), since m < n — 1 and a > ■ ep". In the other cases the 
inequality (pL/K^o) > (pE/K{r) follows from the assumption iPl/kH^ + 1 + ^^rT)^) < a 
and ()5.56|1 . Applying ipM/K to both sides of this inequality we get ipM/iio) > iPm/e{j'). 
By (jOT1|l we have 

i'L/KiuL/K) = z + ep^+^ ■ ^ — . (5.58) 

p — 1 

Since z < p^y < ep^~^^/ (p — 1), this quantity is less than a. It follows that iPm/k{ul/k) < 
i'M/Li.a). □ 



21 



Theorem 11.11 follows from Theorem 15 . 21 combined with Lemmas 15 . 71 and l5 . 81 To prove 
Theorem 11.21 we apply Theorem 15.21 to the subextensions oi L/K and L'/K of degree 

pTl—l. 

Proof of Theorem li.M - Let L/K, L'/K be totally ramified (Z/p"Z)-extensions which 
satisfy condition (*) of Theorem 11.11 We may assume without loss of generality that 
K contains a primitive pth root of unity, that mo > 2, and that n > 3. Since p f e we 
see that K contains no primitive p^th roots of unity. Therefore the group /i of p-power 
roots of unity of K is cyclic of order p. Let Ln-i/ K be the unique subextension of L/K 
of degree Then Nl/k{L'') has index p in Ni„_j//f(L^_i), so /i < Nl^^^/k{L^^^). 

Hence by Lemma 15.61 we see that Ln-i is contained in a Zp-extension L^o of K. Let 
3 = '4^l/k{ul/k) be the unique ramification break of L/Ln-i and let / = [^zl . Then 
by ()5.10p we have 



_ 1 / n-h-l _ 1 

P ^ , h+1 P ^ 



(5.59) 



p \ p — 1 

It follows from Prop. 2.2.1] that the norm map induces ring isomorphisms 

NvL„_, : 0l/(P[) ^ 0l„_,/(PL_J (5.60) 
^L'/v„_, : &L/{Vi,) — Q^Ui^kJ- (5-61) 

These isomorphisms are Galois-equivariant and induce the p-Frobenius map on k. 

Let denote the restriction of a to set T^Ln_i = l / Ln-i{'^ l) i and set 

T^L'^_^ = '^L'/L'^_-^{'^L')- By applying the arguments used to prove ()2.3|) to ()5.60|) and 
()5.61|1 we get 



Kl'\iX) ^ (KJ^iX) (mod X') (5.62) 
h'^lT' (X) = (<,)^X) (mod X'). (5.63) 

Ti— 1 



Since hZ = hZ^. this implies 

hll-^\^ (X) = hil;^' ^ (X) (mod X'). (5.64) 

Since mo > 2 we have /i < n — 3, so y is the smallest upper ramification break 
of Ln-i/K which exceeds ■ e. Therefore the largest upper ramification break of 
Ln-i/K is ul„_i/k = y + {n ~ h ~ 2)e. Let m = mo — 1 and define E/F as in the 
proof of Theorem 15.21 Also set M„_i = Ln-iE. To prove Theorem 11.21 it suffices by 
Theorem 15.21 to prove the following inequalities: 

V^Af„_i/L„_,(0>[M„-i:i?]g (5.65) 
^Af„_i/L„_i(0 > V'M„_i/£(r) (5.66) 

V^Af„_i/L„_i(0 > V^M„_i/i^(ML„_i/i^)- (5.67) 
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Using ()5.10|) to compute the left side of the inequahty iPl/kH^o + 1 + ^^rT)^) < ^p" 
we get 



z + ep 



P — 1 



+ P 



+h+l ( P 



P — 1 



e — y ] < ep' 



(5.68) 



Since z < p^y < ep^^^/ {p — 1) we have {p — l)z — ep^~^^ < 0. Adding this inequahty to 
f|5.68|) and dividing by p gives 



z + ep' 



h+l P 



mo-l _ 



P — 1 



+ P 



mo- 



h / P 



p — 1 



e — y ] < ep 



n-l 



Hence we have 



ipL„-i/K m + 1 + 



p — 1 



P — 1 



e < ep 



n-l 



(5.69) 



(5.70) 



It foUows from ()5.59j) that / > e(p" ^ — ^). Therefore ()5.65j) follows from Lemma [5. 71 
By (IKTn|) we have 



V'L„_i/K(«L„_i//r) =z + ep 



h+i P 



n~h~2 



p — 1 



(5.71) 



Using ()5.59|1 and the inequality z < ep^^^/{p— 1) we deduce that iPl„^i/k{ul„^i/k) < I- 

Applying ^a/„_i/l„_i t o this last inequality gives (!5.67jl. 

It remains to prove ()5.66|) . \ih = and y > e then by ()5.59p we have I > (p"~^ — l)e. 
It follows using ()5.10p that 



</'L„_i/i^(0 > U - 1 



p — 1 ' — p^~^ 



1 - 



p 



,n-l 



y- 



By ()5.56|) with m = niQ — 1 we have 



mo + 



p — 1 



e+ (y-e). 



(5.72) 



(5.73) 



Since mo < n - 1, y < {1 + ^)e, p > 5, and n > 2, we get (j)E/K{r) < </>l„_i/a'(0- 
Applying ipM^^^/K to this inequality gives (j5.66|) in this case. 
Suppose h>loiy<e. Adding 



(p - l)z - ep^^^ < p 



to ()5.68j) and dividing by p gives 



p — 1 
P 



ep 



h+l 



z + ep 



p — 1 



+ p" 



p — 1 



■e-y \ < 



p — 1 

P 



+ ep 



n-l 



(5.74) 



e/. (5.75) 



It follows from ()5.56j) . ()5.1()|1 . and ()5.59j) that this inequality can be rewritten as ipL^-i/K^ 
(t>E/K{r) < I. By applying V'm„_i/l„_i we get □ 
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6 p-adic dynamical systems 



Let K he a finite extension of Qp and let V"'''^ he the maximal ideal in the ring of 
integers of Q"'^. Let u{X) G 0i^[[X]] be a power series such that u{0) = and 'u'(O) 
is a 1-unit. We are interested in studying the periodic points of u{X). These are the 
elements a G V^^^ such that u°"^{a) = a for some m > 1; the smallest such m is called 
the period of a. Since u'{0) is a 1-unit, it follows from pi, Cor. 2.3.2] that all periodic 
points of u{X) have period p"' for some n > 0. In the introduction to jH], Lubin stated 
that the extension fields generated by the periodic points of u{X) are "almost completely 
unknown" . In this section we show how Theorem 15 . 21 can be used to study the extension 
K{a)/K generated by a single periodic point a. 

Let u{X) G denote the reduction of u{X) modulo Vk- It follows from our 

assumptions that u{X) is an element of the group A{k) which was defined in Section |21 
For n > let i„ denote the depth of u°p"{X). If i„ < oo then 2„ + 1 is equal to the 
number of solutions in V to the equation u°^"{X) = X, counted with multiplicity. Let 
r be the closed subgroup of A{k) generated by u{X) and assume that F is infinite; then 
F = Zp. It follows from Proposition 12 . II that there is a local field Lq with residue field k, 
a totally ramified Zp-extension L^q/Lq, and a compatible sequence of uniformizers (vr^) 
for Lod/Lq such that F = r^"^^^. The extension Loo/Lq is determined uniquely up to 
fc-isomorphism by F. By fTH, Cor. 3.3.4] the ramification data of the extension Loo/Lq 
is the same as the ramification data of F. We define the index d of F to be the absolute 
ramification index of Lq; if Lq has characteristic p then the index of F is cxd. If d < oo 
then it follows from Lemma f2. 21 that 6„ — fe„„i = d for all sufficiently large n. 

Theorem 6.1 Let p > 3, let 1 < d < p — 2 , and let K/Qp be a finite extension with 
ramification index e < p — I. Then there is a finite tamely ramified extension E/K 
with the following property: Let u{X) G 0/4- [[X]] be a power series such that the closed 
subgroup F of A{k) generated by u{X) is isomorphic to Zp and has index d. Let Lq be a 
local field with residue field k and let L^o/ Lq be a totally ramified Zp-extension such that 
F G [Fl^/Lq]. Forn > 1 letLn/LQ denote the subextension of L^oILq of degree p^. Then 
for each periodic point a of u{X) with period p" there is an embedding uj : Ln ^ Qp'^ 
such that 

[E{a)n{E-u{Ln)):E]>p''~\ (6.1) 

Thus when the hypotheses of Theorem Ifi. H are satisfied the special fiber u{X) of u{X) 
carries a large amount of information about the field extensions generated by periodic 
points of u{X). It follows from Lemma 12.21 that if the index of F is oo then the upper 
ramification breaks of F satisfy 6„ > pbn-i for all n > 1, while if the index of F is c? < oo 
then for each n > 1 we have either 6„ > pbn-i or 6„ — = d. Therefore the index of 
F can be effectively computed as long as it is finite. 

The rest of this section is devoted to proving Theorem l6.ll Let / be the field extension 
of k of degree d\ and let F he the unramified extension of Qp with residue field /. The field 
E is defined to be the compositum of all totally ramified extensions R/F of degree die. 
The following lemma is a consequence of the well-known properties of tamely ramified 
extensions of a local field. 
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Lemma 6.2 (a) The absolute ramification index of E is d\e. 

(b) If M is a finite extension of Qp whose absolute ramification index divides die and 
whose residue field is contained in I, then M is contained in E. 

It follows from this lemma that E is an extension of K with ramification index d\, 
and hence that E/K is tamely ramified. In particular, if d = 1 then E/K is unramified. 

Before proving Theorem 16 .11 we study the basic properties of periodic points of power 
series which satisfy the hypotheses of the theorem. In particular, we are interested in 
the degrees and ramification indices of extensions generated by these periodic points. 
For the remainder of this section we assume without loss of generality that n > 3. 

As above we let {in)n>o and {bn)n>o denote the lower and upper ramification se- 
quences of r. By Lemma \2.2{ a] we have bo < (1 + ^^zy)*^' ^i^^e d < p — 1 this im- 
plies io = bo < d. We also have bo > 1 > d/{j) — 1). Therefore by Lemma l2^ c) 
we get bn = bn-i + d and hence in = in-i + dp" for all n > 1. We may write 
u{X) = aoX + aiX"^ + a2X^ + ■ ■ ■ with G 0k and oq a 1-unit. Since p > e/(p — 1) 
we have 

- 1) = VKiaf'" - 1) + e (6.2) 

if < 1. It follows from H Cor. 2.3.1] that u°p"'\X) - X divides m°p"(X) - X in 
0k[[X]]. Let 

u°P"(X)-X , , 

If 7^ 1 then by ()6.2|) the constant term of qn{X^ has p-valuation 1, while if Oq = 1 
then the constant term of qn[X^ is equal to p. Note that the Weierstrass degree of 
e 0x[[X]] is in - in~i = dp"". 
Let a E V he a periodic point of u{X) with period p"" and let M/K be the Galois 
closure of K{a)/K. Let G = Ga\{M/K), let 

H = {reG: T{a) = u°\a) for some i G Z}, (6.4) 

and let ai, . . . ,ah be coset representatives for G/H. The polynomial 

h p"-i 

/w=nn(^-^°^(^^("))) (6-5) 

j=l i=0 

lies in 0x[X] and has distinct roots, all of which are zeros of qn{X). Therefore f{X) 
divides qn{X) in 0ii'[[X]], and hence the constant term c of f{X) is an element of Vk 
which divides p. It follows that c has p- valuation s/e for some 1 < s < e. Since each of 
the hp"" roots of f{X) has the same p-valuation as a, we get Vp{a) = s/ehp"-. 

For each I < j < h the set Bj = {u°'^{aj{a)) : < i < p"} is a block for the 
permutation representation of G acting on the roots of f{X). Let N be the kernel of 
the action of G on the set of blocks, let T be the fixed field of A^, and let U/ K be the 
maximum unramified subextension of T/K. Since the degree of f{X) is less than or 
equal to the Weierstrass degree of qn{X) we have h < d. Since Gal(T/Ar) = G/N is 



25 



isomorphic to a subgroup of Sh this imphes that [T : U] and [U : K] both divide d\. 
Therefore T is an extension of Qp whose absolute ramification index divides die and 
whose residue field is contained in /. Hence by Lemma f6.2r b). T is contained in E. 

For each r G N = Gal(M/T) there is a unique i G Z/p"Z such that r(a) = 
Hence T{a)/T is Galois, and Gal(T(a)/T) can be identified with a subgroup of Z/p"Z. 
It follows that E{a)/E is also Galois, with Gal{E{a)/E) isomorphic to a subgroup of 
Gal(T(a)/T). Since the ramification index of E/Qp is die, the £^-valuation of a is t/p"', 
where t = (dl/h) ■ s is relatively prime to p. It follows that [E{a) : E] > p", and hence 
that Gal{E{a)/E) = Z/p'^Z. 

Since the absolute ramification index of T divides die and the residue field of T 
is contained in /, there is a totally ramified extension R/ F of degree die such that R 
contains T. Then E{a) is an unramified extension of so the i?(a)-valuation of a 

is t. Therefore we can write a = (ir^, where ^ G -F is a root of unity whose order is 
prime to p and vr is a uniformizer for R{a). Let K{1) = FK be the unramified extension 
of K with residue field / and let r G GaX{E{a) / E) satisfy T(a) = u{q). Let v{X) be 
the unique element of 0;^(i)[[X]] such that Ct>(X)* = and f'(0) = 1 (mod Vk{i))- 

Then 

(vinY = u(C7r*) = u{a) = r(a) = Cr(vr)*. (6.6) 

Since r has order this implies r(7r) = f (vr). We are now in a position to prove the 
following key fact: 

Proposition 6.3 The absolute ramification index die of E is equal to td. 

Proof: Let T' = Zp be the closed subgroup of A{1) generated by v{X). Since E{a) = 
E{t[) and r(7r) = f(7r), the lower ramification breaks of the extension E{a)/E which 
are less than dip"- (the ramification index of E{a)/K{l)) are the same as the lower 
ramification breaks of T' which are less than dip". It follows from the definition of v{X) 
that the ramification breaks of F' are t times the ramification breaks of F. Therefore the 
first two lower ramification breaks of F' are tio and tii = tio + tdp. Using the inequalities 
s < p — 1 and tQ < d < p — 2 we deduce that Hq + tdp < dlp^. Therefore the first two 
lower ramification breaks of E{a)/E are Hq and Hq + tdp, and hence the first two upper 
ramification breaks of E{a)/E are Hq and Hq + td. Since ti^ + td < p ■ tio, it follows 
from Lemma f2. 21 that the absolute ramification index of E is td. □ 

Corollary 6.4 Forn > 3 the periodic points ofu{X) with period p"' all have p-valuation 

Proof: Let a be a periodic point of u{X) with period p". We saw above that Vp{a) = 
s/ehp^. Since s = ht/dl and t = dle/d we get Vp{a) = 1/dp"'. □ 

Proposition 6.5 Let n>3. Then every zero of qn{X) is periodic with period p'^. 

Proof: Let a be a periodic point with period pP for some < j < n. If j = then a is a 
zero of u{X) — X, and if j > 1 then a is a zero of qj{X). It follows by the Weierstrass 
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preparation theorem that « is a root of a distinguished polynomial with coefficients in 
0K which divides u{X) or qj{X). Since u{X) has Weierstrass degree io + 1, and qj{X) 
has Weierstrass degree dp' , we must have 

^ ifj = 0, 



> <j ^ (6.7) 
— — if 1 < j < n. 

In particular, since n > 3, e < p, and ?o ^ we have ^^(a;) > l/rfp". 

The series g'n(-^) has dp" zeros, counting multiplicities; all of these are periodic points 
with period for some < j < n. Let a G V"'''^ be a zero of qn{X). If a is a periodic 
point with period p" then by Corollarv 16.41 we have Vp{a) = l/dp^. On the other hand, 
if a is a periodic point with period p' for some < j < n, then Vp{a) > l/dp^. The 
sum of the p- valuations of the dp^ zeros of qn{X) is 1. Therefore all the zeros of qn{X) 
must have period p". □ 

It follows that for n > 3 the periodic points of u{X) with period are precisely the 
zeros of g„(X), and that the number of periodic points of u{X) of period p", counted with 
multiplicity, is equal to the Weierstrass degree in — in-i = dp^ of qn{X). In particular, 
u{X) has periodic points of period p" for every n > 3. 

Proof of Theorem \6 . 1\ Since F G [rL^/Lo], there exists a compatible sequence of uni- 
formizers (vr^) for L^oILq such that V = T^^''^^^^^. Since u{X) generates F, it follows from 
(|2.4j) that there is a generator a for Gal(Loo/-^o) such that 



u^-'in,) (modVlf) (6. 



for all j > 1, where Vj = \{p — l)ij/p], and we identify k with a subring of 0L./{nj'~^ ) 
using the Teichmiiller lifting. 

The map x ^ is an automorphism of the group of roots of unity of F. We denote 
the inverse of this automorphism by raising to the power p~^. For 1 < j < oo let 

= ELj. 

Lemma 6.6 There exists a compatible sequence of uniformizers (fcj) for E^/E such 
that TTj = ^TTj for < j < oo. 

Proof: Let j > and let vfj G Q^'^ be a root of X^ — ^ttj. Let denote the residue 
field of E and let E^ be the unramified extension of FLj{'Kj) with residue field kE- Since 
^TTj is a uniformizer for FLj, the extension of FLj{Tij) / FLj is totally ramified, with 
ramification index t. Therefore the maximum tame subextension Tj/Qp of FLj{7Cj)/Qp 
has ramification index td = die and residue field /. It follows by Lemma f6.2f b) that Tj 
is contained in E. Thus by Lemma (6. 2f a). E is an unramified extension of Tj, so E is 
contained in Ej. Since Lj C Ej, we get Ej = ELj = Ej. The norm map l^Ej/E gives a 
bijection between the roots of X* — ^TCj and the roots of X* — C^^^o- Therefore we 
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may assume that ^E /E{T^j) = 7i"o for every j > 1. It follows from this assumption that 
{TTj)j>o is a compatible sequence of uniformizers for Eoo/E. □ 

Since (v{Xy = u{(X^) we have C,v{Xy = u{(X^), where ( denotes the image of ( 

in / ^ 0k{i)IVk[i). Applying 0^" we get ^'^v^'^^^Xy = u'^~" (C^~" X') . Let a be the 
generator for GaA{EoQ/ E) whose restriction to Lqo is a. Then by fl6.8|) and Lemma [6.61 
we have 

a{C-"ni)^u^-"{e-ni) {modvt^'^) (6-9) 

rV(7f„)* = rV-"(vf„)* (modPl--^^)) (6.10) 

^ (mod (6.11) 

Let $ be an automorphism of Q^'^ which induces the p-Frobenius on residue fields, and 
let 9 : Eoo — > $"(-Eoo) be the isomorphism induced by Applying 9 to ()6.1H) we get 

a{K)^vifc„) imodV'^ll]), (6.12) 

where fcn = 9(7r„) is a uniformizer for 9(i?„) and o" = 9 o a o 9^^ is a generator for 
Gal(9(Eoo)/^). (Note that since E is Galois over Qp we have Q{E) = E.) On the other 
hand, since r(7r) = v{tt) we have 

t{'k)=v{'k) (modP^""+^). (6.13) 

Note that since vr is a uniformizer for i?(a), vr is also a uniformizer for E. To complete 
the proof of Theorem 16.11 we will apply Theorem 15.21 to the extensions Q{En)/E and 
E{a)/E. To do this we must first compute some ramification data. 

Since d < p — 1, it follows from Lemma I2.2r b) that the jth upper ramification 
break of Loo/Lq is bj = bo + jd. Therefore the lower breaks of Loo/Lq are given by 
ij = iQ + dp + dp^ + ■ ■ ■ + dp^ , with iq = b^. The unique ramification break of Ln+i/ Ln 
is equal to the nth lower ramification break in of Loo/ Lq. It follows that 

p — 1 



[io + dp + dp^ + ■■■ + dp''' 



(6.14) 



p 

>c/(p"-l). (6.15) 

The ramification breaks of En/ E are t times the ramification breaks of Ln/L^. The 
upper and lower ramification breaks of Ln/L^ are the integers bj and ij for < j < n 
which were computed in the preceding paragraph. Therefore we have 

i'E^/E ((n - 1 + td)j = P^'+P^'^'^-P . _ ^pu-l _ (g^^Q) 

This value is less than td{p"' — p"~^), which by ()6.15p is less than tr„. Comparing ()6.12j) 
with ()6.13|1 and applying Lemmas 15 . 71 and l578l we see that the extensions Q{En)/E and 
E{a)/E satisfy the hypotheses of Theorem 15. 2[ with a = tvn and m = n — 2. Therefore 
there is an automorphism \1/ of Q^^^ such that 

[^(a)n^(9(E„)) >J9"-2. (6.17) 

Since En = ELn and \l/(9(i?)) = E, this proves Theorem 16.11 □ 
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